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a b s t r a c t
An n-dimensional hypercube, or n-cube, denoted by Qn, is well known as bipartite and
one of the most efficient networks for parallel computation. In this work, we consider the
problem of cycles passing through prescribed paths in an n-dimensional hypercube with
faulty edges. We obtain the following result: For n ≥ 3 and 2 ≤ h < n, let F be a subset
of E(Qn) with |F | < n − h. Then, every fault-free path P with length h lies on a fault-free
cycle in Qn− F of every even length from d to 2n inclusive where d = 2h if h > |F | + 1 and
d = 2h+ 2 otherwise. The result is optimal.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Processors of a multiprocessor system are connected according to a given interconnection network. An n-dimensional
hypercube, or n-cube, denoted by Qn, proposed in [6] is a popular interconnection network with many attractive properties
such as regularity, recursive structure, node and edge symmetry, maximum connectivity, and effective routing and
broadcasting algorithms [4]. It has been used in a wide variety of parallel systems such as Intel iPSC, the nCUBE [3], and
SGI Origin 2000 [7]. We are interested in the problem of simulation cycle (ring) networks with hypercubes, because cycle
networks are attractive for designing simple interconnection algorithms with low communication costs. Such simulation is
called graph embedding.
Failures of interconnection network components are inevitable. The cycle-embedding problem for an n-dimensional
hypercube with faulty edges has been studied in depth [1,2,5,8–10]. Li et al. [5] proved that every fault-free edge of Qn lies
on a fault-free cycle of every even length from 4 to 2n inclusive even if there are up to n− 2 edge faults. Assume that not all
faulty edges are incident to the same vertex of Qn. Under this assumption, Xu et al. [10] proved that every fault-free edge of
Qn lies on a fault-free cycle of every even length from 6 to 2n inclusive for n ≥ 4, even if the Qn has up to n− 1 edge faults.
Recently, Tsai and Lai [8] have proved that every fault-free edge of Qn is contained in a fault-free cycle of every even length
from 6 to 2n inclusive for n ≥ 3 even if the Qn has 2n − 5 edge faults providing every vertex is incident with at least two
fault-free edges.
On the other hand, the followingproblemwas investigated in [2,9]: Given a set of prescribed edges in a hypercubewithout
faulty elements, which conditions guarantee the existence of a cycle passing through all edges of this set in the hypercube?
Dvořák [2] showed that for any set E0 ∈ E(Qn) with |E0| ≤ 2n − 3, there exists a Hamiltonian cycle passing through all
edges of E0 providing that the subgraph induced by E0 consists of pairwise disjoint paths. In particular, for when the set of
prescribed edges E0 induces a path, Tsai and Jiang [9] proved that every path with length h, 1 ≤ h ≤ 2n− 4, lies on a cycle
I This work was supported in part by the National Science Council of the Republic of China under Contract NSC 97-2115-M-026-001.∗ Fax: +886 3 8237408.
E-mail address: chtsai@mail.nhlue.edu.tw.
0893-9659/$ – see front matter© 2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2008.08.021
C.-H. Tsai / Applied Mathematics Letters 22 (2009) 852–855 853
of every even length from 2h to 2n inclusive. Recently, Chen [1] studied the problem of fault-free cycles passing through
prescribed edges in a hypercube with faulty edges and obtained a result; see Lemma 1.
In this work, we study the problem of fault-free cycles passing through any prescribed path in a hypercube with faulty
edges. We show that any path P with length h, 2 ≤ h < n, lies on a fault-free cycle of every even length from 2h + 2 to 2n
inclusive even if Qn has up to n−h−1 edge faults. In addition, there exists a fault-free cycle with length 2h passing through
the path P if there are up to h− 2 edge faults.
The rest of thiswork is organized as follows. In thenext section, some fundamental definitions andnotions are introduced.
The main result is proved in Section 3. The last section contains discussion and conclusions.
2. Preliminaries
In this work, fundamental graph terminologies follow those in [4]. A bipartite graph is one whose vertex set can be
partitioned into two subsets X and Y , so that each edge has one end-vertex in X and another in Y ; such a partition {X, Y }
is called a bipartition of the graph. We often use the symbol G = (X ∪ Y , E) to denote a bipartite graph G = (V , E)
with a bipartition {X, Y }. Let P be the path 〈v0, v1, v2, . . . , vk〉. We use P−1 to denote the path 〈vk, vk−1, . . . , v1, v0〉. For
convenience, we use the sequence 〈v0, P, vk−1〉 to denote the path 〈v0, v1, . . . , vk−1〉where v0 and vk−1 are called the end-
vertices of P . In particular, let l(P) denote the length of the path P , that is, the number of edges in P . Two paths are vertex-
disjoint (also called disjoint) if and only if they have no vertices in common. In particular, two paths are said to be internally
disjoint if they have no common internal vertices. A cycle of length k is called a k-cycle; a k-cycle is odd or even depending
on whether k is odd or even. A path that contains every vertex of G is called a Hamiltonian path; a cycle that contains every
vertex of G is called a Hamiltonian cycle.
The vertex set V of Qn consists of all n-bit binary strings, i.e., V = {un−1un−2 . . . u1u0 | ui ∈ {0, 1}, i = 0, 1, . . . , n − 1}.
Two vertices u = un−1un−2 . . . u1u0 and v = vn−1vn−2 . . . v1v0 are linked by an edge if and only if u and v differ exactly
in one bit position. The Hamming distance H(u, v) between two vertices u and v is the number of different bits in the
corresponding strings of both vertices. Let u = un−1un−2 . . . u1u0 be a vertex in Qn. The i-dimensional neighbor of u is
u(i) = un−1un−2 . . . ui . . . u1u0, where ui represents the complement of ui. An edge (u, v) in E(Qn) is of dimension i if u = v(i).
Let Ei = {(u, v) | u = v(i)} for 0 ≤ i ≤ n− 1. The following properties of Qn are useful in our subsequent proofs.
Lemma 1 ([1]). Let 2 ≤ h < n, F ⊂ E(Qn) with |F | < n− h, and E0 = E(Qn)− F with |E0| = h. If the subgraph induced by E0
consists of pairwise vertex-disjoint paths, then in the graph Qn − F all edges of E0 lie on a fault-free cycle of every even length l
with 2h−1(n+ 1− h)+ 2(h− 1) ≤ l ≤ 2n.
Lemma 2 ([5]). For n ≥ 2, let u and v be two arbitrary distinct vertices in Qn and H(u, v) = d. There are paths formed by
〈u, P, v〉 in the Qn with lengths d, d+ 2, d+ 4, . . . , c, where c = 2n − 1 if d is odd, and c = 2n − 2 if d is even.
Lemma 3 ([5]). For n ≥ 3, every fault-free edge of Qn lies on a fault-free cycle of every even length from 4 to 2n inclusive even if
there are up to n− 2 edge faults.
Lemma 4 ([8]). For n ≥ 4, every fault-free edge of Qn lies on a fault-free cycle of even length from 6 to 2n inclusive even if there
are up to 2n− 5 edge faults providing that every vertex is incident with at least two fault-free edges.
Lemma 5 ([9]). For n ≥ 3, every path with length h, 1 ≤ h ≤ 2n− 4, in Qn lies on a cycle of every even length frommax{4, 2h}
to 2n inclusive.
3. Cycles passing through prescribed path
The distance between two distinct vertices u and v of a graph G, denoted by dG(u, v), is the length of the shortest path
between u and v of G. Hence dQn(u, v) = H(u, v) for u, v ∈ V (Qn). The diameter of G, denoted by Diam(G), is defined as
Diam(G) = max{dG(u, v) | u, v ∈ V (G)}. Consequently, Diam(Qn) = n. Since Diam(Qn) = n and there exist n internally
disjoint paths between u and v for all pairs of vertices u, v ∈ V (G), the following lemma holds.
Lemma 6. For n ≥ 2, let a and b be two distinct vertices in Qn with H(a, b) = n. Then, there are exactly n internally disjoint
paths between a and b where the length of each path is equal to n.
Lemma 7. For n ≥ 2, let a and b be two distinct vertices in Qn with H(a, b) = h. Then, there are exactly h internally disjoint
paths between a and b such that the length of each path is equal to h.
Proof. Let a = an−1an−2 . . . a0 and b = bn−1bn−2 . . . b0 be two distinct vertices of Qn, and H(a, b) = h. Hence the
number of different bits in the corresponding strings of a and b is h. Without loss of generality, we may assume that
Γ = {α1, α2, . . . , αh} such that al 6= bl for all l ∈ Γ where αi 6= αj if i 6= j. Let Γ −1 = {0, 1, 2, . . . , n − 1} − Γ .
Hence ak = bk if k ∈ Γ −1. Let Va = {v | v = vn−1vn−2 . . . v0 where vk = ak for k ∈ Γ −1}. Therefore, the subgraph induced
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by Va, denoted by QVa , is isomorphic to an h-dimensional hypercube, denoted by Qh. Obviously, b is included in QVa and
dQVa (a, b) = h.
Let P = 〈λ0, λ1, λ2, . . . , λh−1〉 be a path where λ0 = a, λh−1 = b, and l(P) = H(a, b) = h. Since l(P) = H(a, b),
E(P) ∩ Ek = ∅ for all k ∈ Γ −1. This implies that P is completely included in QVa . Consequently, every path joining a to b
with length H(a, b) is included in QVa . By Lemma 6, there are h internally disjoint paths in QVa joining a and b such that the
length of each path is equal to h. 
Lemma 8. For n ≥ 2, let 〈a, P, b〉 be a path where l(P) = H(a, b) < n. Then, there are at least n − h distinct (2h + 2)-cycles
such that any pair of these cycles intersect each other on the path P.
Proof. Let P = 〈λ0, λ1, λ2, . . . , λh−1〉 be a path where λ0 = a, λh−1 = b, and l(P) = H(a, b) = h where h < n. Also
let us have (λi, λi+1) ∈ Eαi where 0 ≤ i ≤ h − 1 and 0 ≤ αi ≤ n − 1. Since l(P) = H(a, b), αi 6= αj for i 6= j. Let
Γ = {α1, α2, . . . , αh} and Γ −1 = {0, 1, 2, . . . , n − 1} − Γ . For j ∈ Γ −1, Qn can be partitioned along dimension j into two
(n−1)-cubesQ 0n−1 andQ 1n−1. Therefore, P is completely included in one of these two (n−1)-cubes.Without loss of generality,
P is contained in the (n − 1)-cube Q 0n−1. ajk is a vertex in Q 1n−1 for all 0 ≤ k ≤ h − 1. Hence Pj = 〈λj0, λj1, λj2, . . . , λjh−1〉 is
a path in Q 1n−1. Let Cj denote the cycle of 〈λ0, P, λh−1, λjh−1, P−1j , λj0, λ0〉. Obviously, Cj is a (2h + 2)-cycle. Note that Pi and
Pj are two disjoint paths if i 6= j and i, j ∈ Γ −1. Accordingly, two cycles of Ci and Cj intersect each other on the path P for
i 6= j and i, j ∈ Γ −1. Since |Γ −1| = n− h, there are at least n− h distinct (2h+ 2)-cycles such that any pair of these cycles
intersect each other on the path P . 
Lemma 9. For n ≥ 5, let 2 ≤ h < n and F ⊂ E(Qn)with |F | < n−h. Then every path with length h in Qn−F lies on a fault-free
cycle with length 2h if h > |F | + 1.
Proof. Let 2 ≤ h < n, F ⊂ E(Qn) with |F | < n − h, and 〈a, P, b〉 be a fault-free path in Qn − F with length h. By Lemma 5,
the lemma is true if |F | = 0. In the following proof, we only consider the case of |F | ≥ 1. The proof is divided into two parts:
(1) H(a, b) = h and (2) H(a, b) < h.
Case 1: H(a, b) = h.
By Lemma 7, there are exactly h internally disjoint paths between a and b such that the length of each path is equal to h.
Since h > |F | + 1, at least one of these paths besides the path P is fault-free. Therefore, there exists a fault-free cycle with
length 2h containing the path P .
Case 2: H(a, b) < h.
The proof of this case is by induction on n. First, we consider the case of n = 5. Let 2 ≤ h < 5, F ⊂ E(Q5), and
1 ≤ |F | < 5 − h. Since h > |F | + 1, h = 3 and |F | = 1. Let P = 〈a, c, d, b〉 be a path in Q5 − F . Hence l(P) = 3. Clearly,
H(a, b) = 1 orH(a, b) = 3. HenceH(a, b) = 1 becauseH(a, b) < 3 in this case. By Lemma 8, there are four distinct 4-cycles
such that any pair of these cycles intersect each other on the edge (a, b). Since |F | = 1, there exists a fault-free path R of
〈a, e, f , b〉 such that P and R are internally disjoint paths. Therefore, 〈a, c, d, b, f , e, a〉 is a fault-free 6-cycle containing the
path P .
Assume that the result is true for 5 ≤ m < n. We now consider that m = n. Since h + |F | < n, there exists an integer i
such that E(P)∩Ei = ∅ and F ∩Ei = ∅. Thus, we partition Qn along dimension i into two (n−1)-cubes, denoted as Q 0n−1 and
Q 1n−1. Hence P is completely included in one of these two (n− 1)-cubes. Without loss of generality, we may assume that P
is included in Q 0n−1. Let Fi = F ∩ E(Q in−1) for i = 0, 1. Obviously, F = F0 ∪ F1 and F0 ∩ F1 = ∅.
Suppose that |F1| ≥ 1. Hence h < n − 1, |F0| = |F | − |F1| ≤ |F | − 1 < n − 1 − h, and h > |F | + 1 > |F0| + 1. By the
induction hypothesis, there exists a fault-free cycle with length 2h in Q 0n−1 containing the path P .
Suppose that |F1| = 0. Let (a, a(i)) and (b, b(i)) be in Ei. Subsequently, a(i) and b(i) are in Q 1n−1. Note that H(a(i), b(i)) =
H(a, b) ≤ h− 2. By Lemma 2, there exists a path 〈a(i), R, b(i)〉 joining a(i) to b(i) in Q 1n−1 with length h− 2. Therefore, a cycle
with length 2h can be constructed as 〈a, P, b, b(i), R−1, a(i), a〉. 
Lemma 10. Let h = 2 and F ⊂ E(Q4) with |F | = 1. Then every path with length h in Q4 − F lies on a fault-free cycle of every
even length from 6 to 16 inclusive.
Proof. Let F ⊂ E(Q4) contain only one element and P = 〈a, b, c〉 be a fault-free path. Hence l(P) = 2. Assume that (a, b),
(b, c), (b, d), and (b, f ) are four distinct edges incident to b inQ4. Let F ′ = F∪{(b, d), (b, f )}. Hence |F ′| ≤ 3. Obviously, every
vertex is incident with at least two fault-free edges in Q4 − F ′. By Lemma 4, there exists a cycle of every even length from
6 to 16 inclusive in Q4 − F ′ containing the edge (a, b). Since there are only two fault-free edges, (a, b) and (b, c), incident
to b in Q4 − F ′, every cycle containing (a, b) should pass through the edge (b, c). Consequently, there exists a cycle of every
even length from 6 to 16 inclusive passing through the path P . 
Lemma 11. For n ≥ 3, let us have 2 ≤ h < n and F ⊂ E(Qn) with |F | < n− h. Then every path with length h in Qn − F lies on
a fault-free cycle of every even length from 2h+ 2 to 2n inclusive.
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Proof. By Lemma 5, the lemma is true if |F | = 0. Hence we only consider the case of |F | ≥ 1. This implies that n ≥ 4. The
proof is by induction on n. By Lemma 10, the lemma is true if n = 4. Assume that the result is true for 3 ≤ m < n. We now
consider thatm = n. Let 2 ≤ h < n, F ⊂ E(Qn)with 1 ≤ |F | < n−h, and P be a path joining a and bwith length h in Qn− F .
Since h+|F | ≤ n−1, there exists an integer i such that Ei∩F = ∅ and Ei∩E(P) = ∅. Accordingly,Qn can be partitioned along
dimension i into two (n− 1)-cubes, denoted by Q 0n−1 and Q 1n−1, such that the path P is completely included in one of these
two (n− 1)-cubes. Without loss of generality, we may assume that P is completely included in Q 0n−1. Let Fi = F ∩ E(Q in−1)
for i = 0, 1. Obviously, F = F0 ∪ F1 and F0 ∩ F1 = ∅. The proof is divided into two parts: (1) |F1| ≥ 1 and (2) |F1| = 0.
Case 1: |F1| ≥ 1.
Since |F | ≥ 1, h < n−1. Hence |F0| = |F |−|F1| ≤ |F |−1 < n−1−h. By the induction hypothesis, there exists a fault-free
cycle of every even length from 2h+ 2 to 2n−1 inclusive in Q 0n−1 containing the path P . Let CH be a Hamiltonian cycle in Q 0n−1
containing the path P . Clearly, 2n−1 − h > |F1| for n ≥ 4. Hence there exists an edge (c, d) in CH such that (c(i), d(i)) is fault-
free. Subsequently, there exists a fault-free Hamiltonian path R of Q 0n−1 joining c and d such that P is completely included
in R. Since h ≥ 2 and |F | < n − h, |F1| ≤ n − 3. By Lemma 3, there exists a fault-free path T in Q 1n−1 joining c(i) and d(i)
with length lwhere l = 1, 3, 5, . . . , 2n−1 − 1. Combining two paths R and T with two fault-free edges (c, c(i)) and (d, d(i)),
a fault-free cycle of 〈c, R, d, d(i), T−1, c(i), c〉 with length k can be generated where k = l(R)+ l(T )+ 2 = 2n−1 + 1+ l(T ).
l(T ) = 1, 3, 5, . . . , 2n−1 − 1; therefore, k = 2n−1 + 2, 2n−1 + 4, . . . , 2n.
Case 2: |F1| = 0, that is, every edge in F is included in Q 0n−1.
First, we build a fault-free cycle with length 2h+2 containing the path P . Assume that P = 〈λ0, λ1, λ2, . . . , λh−1〉where
λ0 = a and λh−1 = b. Hence λj ∈ V (Q 0n−1) for 0 ≤ j ≤ h − 1. Obviously, λ(i)j ∈ V (Q 1n−1) and Pi = 〈λ(i)0 , λ(i)1 , . . . , λ(i)h−1〉.
Since every faulty edge is included in Q 0n−1, Pi is fault-free. Consequently, a fault-free (2h + 2)-cycle can be generated by
connecting P and Pi using two fault-free edges (λ0, λ
(i)
0 ) and (λh−1, λ
(i)
h−1). Subsequently, 〈λ0, P, λh−1, λ(i)h−1, P−1i , λ(i)0 , λ0〉 is
a fault-free (2h+ 2)-cycle passing through the path P .
Hereafter, a fault-free even k-cycle including the path P can be constructed where 2h+ 4 ≤ k ≤ 2n. Since |F0| ≥ 1 and
h+ |F | < n, h < n− 1. Let (u, v) ∈ F0 and F ′0 = F0−{(u, v)}. Hence |F ′0| = |F0| − 1 = |F | − 1 < n− 1− h. By the induction
hypothesis (imagining that (u, v) is fault-free), there exists an even cycle, denoted by Ck, with length k passing through the
path P where 2h+ 2 ≤ k ≤ 2n−1. It is observed that a fault-free path R joining c and d in Q 0n−1 can be constructed such that
l(R) = k − 1 and the path P lies on R where {c, d} = {u, v} if the edge (u, v) is included in the cycle Ck. Obviously, (c, c(i))
and (d, d(i)) are two fault-free edges, and H(c(i), d(i)) = 1. Since Q 1n−1 is fault-free and by Lemma 2, there are paths formed
by 〈c(i), T , d(i)〉 in Q 1n−1 with lengths 1, 3, 5, . . . , 2n−1 − 1. Therefore, a fault-free cycle C of 〈c, R, d, d(i), T−1, c(i), c〉 can be
generated and the path P is included in C . Clearly, l(C) = l(R)+ l(T )+2 = k+ l(T )+1 where k = 2h+2, 2h+4, . . . , 2n−1
and l(T ) = 1, 3, 5, . . . , 2n−1 − 1. Therefore, l(C) is an even integer and 2h+ 4 ≤ l(C) ≤ 2n. 
By Lemma 7, given a path 〈a, P, b〉 with H(a, b) = l(P) = h, there exists a faulty edge set F such that for Qn − F there
exists no 2h-cycle containing the path P if |F | ≥ l(P)− 1. By Lemmas 7 and 11, we have the main theorem as follows.
Theorem 1. For n ≥ 3, let 2 ≤ h < n and F ⊂ E(Qn) with |F | < n − h. Then, every path P with length h in Qn − F lies on a
fault-free cycle of every even length from d to 2n inclusive where d = 2h if h > |F | + 1 and d = 2h+ 2 otherwise.
4. Conclusion
Let h be an integer satisfying 2 ≤ h < n and F ⊂ E(Qn) with |F | < n − h. In this work, we prove that every fault-free
path P with length h lies on a fault-free cycle of every even length from d to 2n inclusive where d = 2h if h > |F | + 1 and
d = 2h + 2 otherwise. Suppose a cycle of length 4 of Qn (n ≥ 3) is formed as 〈a, b, c, d, a〉. Let F be all n − 2 edges that
are incident with the vertex b and neither (a, b) nor (b, c). Let P = 〈c, d, a〉 be a path of length h = 2. This implies that
h + |F | = n. Obviously, the path P is not contained in any fault-free Hamiltonian cycle of Qn − F . Therefore, the result is
optimal.
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